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and hence it can be viewed as the (low energy effective) theory of N M2-branes. We discuss
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1. Introduction

Motivated by the proposal made by J. Schwarz [1], recently Bagger and Lambert [2, 3] and

Gustavson [4, 5] have proposed an action for maximally supersymmetric three-dimensional

conformal field theory (see [6] for a recent review). This action is basically a supersym-

metric Chern-Simons theory, in which instead of the usual Lie-algebraic structures and

commutators one deals with a new type of algebra which has a bracket involving three

elements of the algebra (rather than two for the commutator). This kind of algebra was

hence called three-algebra.

The metric three-algebras are defined through a three-bracket structure and a “trace”

over the algebra (and hence a metric) and a generalization of the Jacobi Identity, the

fundamental identity. According to the three-algebra no-go theorem [7] the only three-

algebra which has a positive definite norm is either so(4) or direct sums of a number

of so(4)’s. In this sense the original Bagger-Lambert-Gustavson (BLG) theory is rather

unique [6].

The restriction were bypassed relaxing the positive norm condition and it was

shown [8 – 10] (see also [11]) that allowing a single negative eigenvalue in the metric one

has the possibility of constructing three-algebras based on any Lie-algebra. The BLG

theory based on these Lorentzian three-algebras, due to the negative norm in the metric

has pathologic ghost-type fields (fields with negative kinetic energy). Despite of the pro-

posals and arguments that these ghost-type fields are not harmful to the unitarity of the

theory [12 – 16] the connection of these theories to that of multi M2-brane is not clear yet.

The 3d, N = 8 Super-Conformal Field Theory (SCFT) is expected to arise from the

low energy limit of a system of multi M2-branes and be dual to M-theory on AdS4 ×
S7 [17]. With this motivation and the difficulties with extending the BLG theory and their

usual three-algebras, inspired by ideas in [18],1 Aharony, Bergman, Jafferis and Maldacena,

(ABJM) [19] constructed an N = 6 u(N)×u(N) supersymmetric Chern-Simons theory at

level k with matter fields in the bi-fundamental of the gauge group. This theory is proposed

to be describing N M2-branes on a Zk orbifold or M-theory on AdS4 × S7/Zk. In [20] it

was shown that the ABJM theory has a representation in terms of the BLG theory with a

“generalized” notion of three-algebra.

In this paper we attempt in writing an explicit action for the 3d, N = 8 su(N)×su(N)

Chern-Simons theory. To this end we start from the BLG theory but with a new extended

three-algebra. Using the four-bracket representation for the three-algebras introduced in [15]

(see also [21]) we give a matrix representation for the extended three-algebra in terms of

2N × 2N Hermitian matrices. The underlying su(2N) algebra has an su(N) × su(N)

subalgebra. Utilizing this matrix representation we show that the BLG theory with the

above “u(N)-based extended three-algebra” is equivalent to a 3d su(N) × su(N) Chern-

Simons action. We show that for the N = 2 case our extended three-algebra reproduces

two copies of the Bagger-Lambert three-algebra. In this action, which for generic N has

1In [18] it was shown that the so(4)-based BLG theory is nothing but an su(2) × su(2) Chern-Simons

theory with N = 8 supersymmetry.
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explicit global SO(8) invariance, we are forced to work with eight complex valued scalars

and fermions in the bi-fundamental representation of the su(N)× su(N).

The direct generalization of 16 fermionic transformations of the BLG theory, however,

do not close onto a generic configuration of the fields in our theory and hence our theory,

despite of being SO(8) invariant, is not an N = 8 theory. One may then ask if there

is a subclass or a sector of physical configuration over which all or a subset of fermionic

transformations indeed form a supersymmetry algebra. As we will show for generic N the

largest of such sectors in the Fock space of the theory is the part which is invariant under

SU(4) × U(1) ∈ SO(8), and with fermionic transformation parameters restricted to be in

60 of this SU(4)×U(1). In this sector the bosonic scalar degrees of freedom of the theory

are four complex valued fields in 4+1 of SU(4)×U(1) in bi-fundamental of su(N)× su(N)

and their complex conjugates, half of our original theory. In this sector the theory exhibits

N = 6 supersymmetry which is the largest possible supersymmetry within the class of our

models and is hence closely related to the ABJM model [19]. We show that for the special

case of N = 2, because of the special properties of the su(2) algebra, besides the projection

onto the SU(4)×U(1) sector, one has the option of closing all 16 supersymmetry variations

by projecting into another invariant sector while keeping the SO(8). In this sense the

Bagger-Lambert theory is different than the ABJM theory for N = 2.

We propose that our su(N) × su(N) Chern-Simons theory once projected onto the

SU(4) × U(1) sector, describes the low energy theory for N M2-branes on the flat space

background. Our construction in terms of N × N complex valued fields finds a natural

suggestive “geometric” picture through two pairs of open membranes stretched between

any two M2-branes. These two pairs are related by the 3d worldvolume parity which is

connected with the “projection” onto the SU(4) ×U(1) invariant sector in the Fock space

described above. This picture sheds light on both the underlying 2N × 2N matrices and

su(2N) structure, its su(N) × su(N) subalgebra and why the projection is necessary to

avoid over counting of degrees of freedom.

The paper is organized as follows. In section 2, we review basics of three-algebras

and their representation in terms of ordinary matrices and the four-brackets. In section 3,

we present the notion of “extended” three-algebra and also the u(N)-based extended three-

algebra, the three-algebra that we propose for N M2-bane theory. In section 4, we construct

the BLG theory based on the extended three-algebra and discuss its supersymmetry, gauge

symmetry and other global symmetries as well as the behavior under the 3d parity. In

section 5, we show that our theory is equivalent to an su(N)× su(N) Chern-Simons gauge

theory with explicit SO(8) invariance, while not N = 8 invariant. We discuss its relation

to the ABJM model once we restrict our theory to the sector of the Fock space over which

the supersymmetry closes to N = 6 algebra. In section 6, the relevance of our model

to M2-branes is discussed and the BPS configurations of our model is analyzed. We also

show that although the theory for a generic configuration is an N = 6 theory, there are

BPS configurations for which the theory can exhibit more fermionic symmetries than is

expected from the N = 6 theory. The last section is devoted to summary of our results and

discussions. In the appendix A, we have gathered our conventions for the su(N) algebras,

their representations and some useful identities among su(N) tensors. In appendix B,
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we present the arguments proving that within our setting the extended three-algebras are

only limited to the one generated through N × N representation of the u(N) algebra,

the “u(N)-based extended three-algebras”. In appendix C, we show that our u(2)-based

extended three-algebra is a double cover of the so(4)-based Bagger-Lambert three-algebra.

In appendix D, we show compatibility of the fermionic variations with the 3d parity.

2. Preliminaries of three-algebras

In this section we very briefly introduce the notion of three-algebras and some basic facts

about them. We then discuss a representation of three-brackets of the three-algebras in

terms of four-brackets and ordinary associative algebra of matrices.

2.1 Introduction to three-algebras

The three-algebra A3 is an algebraic structure defined through the three-bracket
[[

, ,
]]

2

[[

Φ1,Φ2,Φ3

]]

∈ A3, for any Φi ∈ A3, (2.1)

where
[[

Φ1,Φ2,Φ3

]]

= −
[[

Φ2,Φ1,Φ3

]]

= −
[[

Φ1,Φ3,Φ2

]]

= −
[[

Φ3,Φ2,Φ1

]]

(2.2)

The three-bracket should satisfy an analog of the Jacobi identity, the fundamental

identity [22]:

Kij;klm ≡
[[

Φi,Φj,
[[

Φk,Φl,Φm

]]]]

=
[[[[

Φi,Φj ,Φk

]]

,Φl,Φm

]]

+
[[[[

Φi,Φj,Φl

]]

,Φm,Φk

]]

+
[[[[

Φi,Φj,Φm

]]

,Φk,Φl

]]

.
(2.3)

As we can see Kij;klm is anti-symmetric under exchange of first two as well as the last three

indices. We equip this algebra with a product • and a Trace

Tr(Φ1 • Φ2) = Tr(Φ2 • Φ1) ∈ C (2.4)

with a “by-part integration” property

Tr(Φ1 •
[[

Φ2,Φ3,Φ4

]]

) = −Tr(
[[

Φ1,Φ2,Φ3

]]

•Φ4). (2.5)

Φi’s are generically complex valued and we can define the Hermitian conjugation over

the algebra and its three-bracket:

[[

Φ1,Φ2,Φ3

]]†
=

[[

Φ†
1,Φ

†
2,Φ

†
3

]]

. (2.6)

Let Tα denote a complete basis in A3, i.e. ∀Φ ∈ A3, Φ = ΦαTα, then (2.1) implies that

[[

Tα, T β, T γ
]]

= fαβγ
ρT

ρ (2.7)

2Since we will be working with usual matrices and will be using the usual commutators of matrices

and also introduce the new notion of four-brackets, we will use
ˆ̂

, ,
˜̃

for three-algebra brackets and usual

brackets for matrix valued objects, either commutator or four-brackets.
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and

Tr(Tα • T β) ≡ hαβ (2.8)

defines the metric hαβ on A3. The metric hαβ can in general have positive or negative

eigenvalues, however, hαβ is always taken to be non-degenerate and invertible. Noting (2.2)

and (2.5),

fαβγδ ≡ fαβγ
λhλδ ,

is totally anti-symmetric four-index structure constant. The fundamental identity in terms

of the structure constant f is written as

fαβγ
λf δηλ

µ + fαβδ
λfηγλ

µ + fαβη
λfγδλ

µ = fγδη
λfαβλ

µ. (2.9)

It has been shown that [7] for Euclidean case, when hαβ is positive definite, (2.9) has

only a single solution fαβγδ ∝ ǫαβγδ , while when hαβ is Lorentzian (when h has a single

negative eigenvalue), one can associate a three-algebra structure to any Lie-algebra [8 – 10].

In this case the fundamental identity reduces to the Jacobi identity of the algebra and the

structure constant of the three-algebra is expressed in terms of the structure constant of

the underlying Lie-algebra.

We would like to comment that for the Euclidean and the Lorentzian cases one can

choose a Hermitian basis Tα for which the structure constants fαβγδ are real valued.

2.2 Four-bracket representation for three-algebras

As discussed in [15] one may give a representation of three-algebras in terms of ordinary

algebra of matrices. To that end we need to give a four-bracket realization for the three-

brackets of the three-algebra:

[[

A1, A2, A3

]]

≡ [Â1, Â2, Â3, T ] (2.10)

where the hatted quantities are just normal matrices and T is a matrix which anticommutes

with all the other elements of the algebra

{Ai, T} = 0 . (2.11)

The four-bracket is defined as antisymmetrized product of the elements appearing inside,

that is

[Â1, Â2, Â3, Â4] =
1

4!
ǫijklÂiÂjÂkÂl

=
1

4!

(

{[Â1, Â2], [Â3, Â4]} − {[Â1, Â3], [Â2, Â4]}+ {[Â1, Â4], [Â2, Â3]}
)

.

(2.12)

The fundamental identity (2.3) in terms of the four-bracket takes the form3

[[A1, A2, B1, T ], B2, B3, T ] + [B1, [A1, A2, B2, T ], B3, T ]

+ [B1, B2, [A1, A2, B3, T ], T ] = [A1, A2, [B1, B2, B3, T ], T ],

(2.13)

3Hereafter we will drop the hats on any matrix A.
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for any element Ai and Bi in the algebra. Working with matrices, we can choose the trace

over the matrices as the natural trace over our three-algebra.

It is evident that with the above definitions not all arbitrary sets of matrices satisfy

the closure (2.1) and fundamental identity (2.13). It is, however, immediate to check that

within our matrix representation and the four-bracket, the trace condition (2.5) and the

Hermitian conjugation (2.6) (if T = T †) are automatically satisfied. In [15] it was shown

that the only set of matrices which satisfy the closure and fundamental identity require-

ments as stated above, are the “so(4)-based” algebras (where Ai’s and T are respectively

taken to be N ×N representation of so(4) Dirac γ-matrices and the γ5), compatible with

the three-algebra no-go theorem [7].

3. u(N)-based extended three-algebras

As was argued by Bagger and Lambert [3] the requirement of fundamental identity for

the three-algebras is demanded by the “gauge symmetry” as well as the closure of the

supersymmetry algebra in the BLG theory. The “Tr” operation (and hence the metric),

however, is needed to construct “gauge invariant” physical observables. Given the restric-

tions on the construction of the three-algebras one is hence motivated to see if the notion

of fundamental identity and/or the closure condition can be relaxed or extended in such

a way that the gauge invariance and the N = 8 supersymmetry algebra requirements are

met, while allowing for further possibilities of three-algebras.

In [15] one such possibility, which were dubbed as the relaxed three-algebras, was ex-

plored. There, it was noted that by the addition of a “spurious” part of the algebra of

matrices one can relax the closure condition and the fundamental identity holds up to the

“spurious” parts, while keeping the virtues resulting from those properties. In this way an

explicit matrix representation for the Lorentzian three-algebras were given and was shown

that the Lorentzian three-algebra is a unique outcome of the non-empty spurious part of

the algebra [15].

Here we study yet another way of extending the notion of the three-algebras by revis-

iting the notion of the fundamental identity. As it will become clear in the next sections,

what is needed to ensure the gauge symmetry closure is not the strict form of the funda-

mental identity given in (2.3) or (2.13). A similar observation has also been made in [20].

In [20], however, the focus was working with non-totally antisymmetric three-brackets,

whereas in our case the brackets are still totally antisymmetric and the implementation of

the fundamental identity is modified. This will become clear in this section.

In what follows based on the appropriate notion of extended fundamental identity,

we construct the extended three-algebra, using our four-bracket and matrix representation

introduced in the previous subsection.

3.1 Construction of the extended three-algebras

To start we assume that the complete basis for the three-algebra is of the following form

TM ∈ {TA
+ , TA

− , T} , (3.1)

– 6 –
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with

TA
± = tA ⊗ σ±, T = 11N ⊗ σ3 , (3.2)

where tA are (yet to be specified) set of N × N Hermitian matrices and σ±, σ3 are the

2× 2 Pauli matrices

[σ+, σ−] = σ3, [σ3, σ±] = ±2σ±, {σ+, σ−} = 112×2. (3.3)

Since tA’s are Hermitian,

(TA
+ )† = TA

− . (3.4)

With the above it is clear that

{TA
± , T} = 0 , T 2 = 112N×2N , [T, TA

± ] = ±2TA
± , (3.5)

moreover,

TA
+ TB

+ = TA
−TB

− = 0 . (3.6)

We normalize our basis such that

Tr(TA
+ TB

− ) = Tr(TA
−TB

+ ) =
1

2
δAB . (3.7)

Let us consider the most general four-bracket [TM , TN , TP , T ]. It is evident that if

any of TM , TN or TP is T the bracket vanishes. We hence remain with four types of

four-brackets, two of them are those which only involve TA
+ or TA

− identically vanish,

[TA
+ , TB

+ , TC
+ , T ] = [TA

− , TB
− , TC

− , T ] = 0, (3.8)

where we have used (σ+)2 = (σ−)2 = 0 and the definition of the four-bracket. The other

two are those with two TA
+ and one TA

− or two TA
− and one TA

+ , which are related by

Hermitian conjugation

(

[TA
+ , TB

− , TC
+ , T ]

)†
= [TA

− , TB
+ , TC

− , T ] , (3.9)

where we have used (3.4). Therefore there is only a single type of independent four-bracket.

Using straightforward algebra of Pauli matrices and the definition of the four-bracket

we have

[TA
+ , TB

− , TC
+ , T ] =

−1

6

(

tAtBtC − tCtBtA
)

⊗ σ+ . (3.10)

3.2 Closure condition

Demanding the closure of the four-bracket over the set of TA
+ and TA

− requires that

−1

6

(

tAtBtC − tCtBtA
)

= fABC
D tD (3.11)

for some numeric coefficients fABC
D. If we choose to work with tA which are generators

of a (semi-simple) Lie-algebra,4 the above closure condition (3.11) is very restrictive and

4It is worth noting that this is a working assumption and not a necessary one.
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uniquely fixes this algebra to be a u(N) (for arbitrary N). Moreover, it also requires tA’s

to be in the N ×N fundamental representation of the u(N) algebra. In other words, the

closure condition (3.11) is only satisfied for the algebras which are their own enveloping

algebra and u(N) in the N × N representation is the only such algebra. In the appendix

B, we present a proof of this statement. These algebras will hence be called u(N)-based

(extended) three-algebras. Using (3.11) we have

[TA
+ , TB

− , TC
+ , T ] = fABC

DTD
+ ,

[TA
− , TB

+ , TC
− , T ] = −fABC

DTD
− .

(3.12)

In the second identity we have used the fact that, noting (3.11) and hermiticity of tA’s, f

is pure imaginary.

Using (2.5) we have

fABCD = −2 Tr
(

[TA
+ , TB

− , TC
+ , TD

− ]T
)

. (3.13)

The above explicitly shows that

fABCD = −fCBAD = −fADCB = +fCDAB = −fBADC = −(fABCD)∗ . (3.14)

For the last two identities we have used the fact that f is pure imaginary. From (3.10) and

that tAtA ∝ 11, it is readily seen that
∑

A

fAABC = 0 .

We would like to comment that fABCD with the above symmetry properties may be

viewed as the structure constant of a new type (or “generalized”) three-algebra [20, 23, 24].

The three-bracket of these generalized three-algebras are hence not totally antisymmet-

ric and as a consequence their fundamental identity is expressed in a bit different way

than (2.3). Our notion and realization of the extended three-algebras, although look-

ing similar to the constructions discussed [20, 23, 24], has its own specific features. In

particular, as is explicitly seen from the definition of our brackets (2.10) and (2.12), our

four-brackets are antisymmetric under exchange of any two elements. Therefore, in the

M,N,P basis and before expansion in TA
± , T basis, the structure constant f̂ ,

f̂MNPQ ≡ −Tr([TM , TN , TP , TQ]T ),

is totally antisymmetric. Moreover, we have an explicit matrix representation and u(N)

algebra has a distinguished role in our setting.

For the specific choice of u(N) basis given in the appendix A (where ta’s are generators

of su(N) part of u(N) and t0 ∝ 11 is its u(1) part) one can show that:

f00ab = 0, (3.15a)

f0abc = fa0bc = fab0c = fabc0 =
−i

6
· 1√

2N
fabc, (3.15b)

fabcd =
−i

12

(

fabedcde + f cdedabe
)

. (3.15c)

– 8 –
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It is worth noting that for the specific case of N = 2, the u(2) algebra, dabc = 0

and hence fabcd = 0. In this case the only non-vanishing components of f are f0abc ∝
ǫabc, a, b, c = 1, 2, 3. As it has been shown in appendix B, for the N = 2 case one can

choose a sector (by working with half of the eight TA
± generators) in which the structure

constants become totally antisymmetric. Among the u(N) based (extended) three-algebras

the u(2) case is the only one with the possibility of totally antisymmetric structure constant.

3.3 Extended fundamental identity

As discussed (e.g. see [3]) the fundamental identity (2.3) or in its four-bracket presenta-

tion (2.13) is necessitated by the gauge invariance and the superalgebra closure of the BLG

theory. However, as will become clear in the next section, these conditions might be met

through a bit weaker condition than (2.13): It is enough to check the fundamental iden-

tity (2.13) for the case when either of A1, A2 are of the form of TA
+ and TA

− (and not both

of them of the form of TA
+ or TA

− ) while Bi’s can be arbitrary. In terms of our basis that is,

[[TA
+ , TB

− , TM , T ], TN , TP , T ] + [TM , [TA
+ , TB

− , TN , T ], TP , T ]

+ [TM , TN , [TA
+ , TB

− , TP , T ], T ] = [TA
+ , TB

− , [TM , TN , TP , T ], T ],
(3.16)

where TM , TN , TP are either TA
+ , TA

− or T .

Recalling the discussions of sections 3.1 and 3.2, the extended fundamental iden-

tity (3.16) for (TM , TN , TP ) = (TC
+ , TD

+ , TE
+ ) or (TC

− , TD
− , TE

− ) is trivially satisfied while

it should be checked for (TM , TN , TP ) = (TC
+ , TD

+ , TE
− ) or (TM , TN , TP ) = (TC

+ , TD
− , TE

− )

(or in general two plus and a minus or two minus and a plus type generators) cases.

These two cases, however, are not independent and are related by complex conjuga-

tion. Therefore, we will only need to verify one of these cases which we choose it to

be (TM , TN , TP ) = (TC
+ , TD

− , TE
+ ). It is straightforward to verify that fundamental iden-

tity (3.16) is satisfied for this case. This may be done directly using (3.10) and the asso-

ciativity of the product of tA’s (without using the fact that tA’s are generators of u(N)).

Since, as discussed in section 3.2, the closure condition requires that in our extended three-

algebras tA’s must be generators of u(N), we call them u(N)-based extended three-algebras.

It is useful to represent the fundamental identity in terms of the “structure con-

stants” fABCD:

fABGH fCDFG + fABGD fCGFH + fABCG fFDGH = fABFG fCDGH . (3.17)

Note that the indices on f are lowered and raised by the metric defined in (3.7), i.e. δAB

when we work with A and B indices instead of M and N indices. One can also verify that

the above identity is fulfilled using the explicit expression for f given in (3.15) and using

the identities given in the appendix A. In the appendix B we show the connection between

the Bagger-Lambert three-algebra and the u(2)-based extended three-algebra.

4. The SO(8) invariant SCFT action

Since the on-shell matter content of the 3d, N = 8 SCFT should involve eight real valued

three-dimensional scalars XI , I = 1, 2, · · · , 8 in the 8v of the SO(8) R-symmetry group,

– 9 –
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eight two component Majorana (real valued) three-dimensional fermions Ψ (i.e. they satisfy

γ012Ψ = Ψ) in the 8s of SO(8), we start with this explicitly SO(8) notation. Unless there

can be confusion, here we will suppress both the 3d and the R-symmetry fermionic indices.

Each of the above physical fields, which will generically be denoted by Φ, are also assumed

to be elements of the u(N)-based extended three-algebra and hence

Φ = ΦMTM = Φ+
A TA

+ + Φ−
A TA

− + ΦT T. (4.1)

As argued by Bagger and Lambert [3] and Gustavson [4] to close the N > 4 super-

symmetry algebra, besides the above propagating physical fields we need to introduce a

non-propagating gauge field with a Chern-Simons action. The gauge field should have two

three-algebra indices, i.e.

Aµ =
1

2
AµAB [TA

+ , TB
− ] . (4.2)

We would like to emphasize that the AµAB components are not anti-symmetric under the

exchange of A and B indices.

As we will show in this section, the three-algebra with the extended notion of the

fundamental identity (3.16) is enough to ensure the closure of the gauge transformations.

The extended fundamental identity, however, is not enough to guarantee the closure of the

SO(8) covariant (i.e. N = 8 ) supersymmetry transformations. As a result we are forced

to close the supersymmetry onto a smaller set of states. As we will show the largest set of

such states keep SU(4) ≃ SO(6) ∈ SO(8) (i.e. N = 6) supersymmetry.

4.1 The BLG Lagrangian in terms of four-brackets

As discussed in [15] one can represent the BLG theory in terms of the four-brackets.

This representation explicitly exhibits the SO(8) invariance of the theory. Here we take

the physical fields and the four-brackets to be in the u(N)-based extended three-algebra

discussed in the previous section.

The gauge invariant action with explicit SO(8) symmetry.

S =

∫

d3x Tr

[

−1

2
DµXIDµXI − 1

2.3!
[XI ,XJ ,XK , T ][XI ,XJ ,XK , T ]

+
i

2
Ψ̄γµDµΨ− i

4
[Ψ̄,XI ,XJ , T ]ΓIJΨ

+
1

2
ǫµνρ

(

AµAB∂νAρCDTD
− +

2

3
AµABAνCDAρEF [TD

− , TE
+ , TF

− , T ]

)

[TA
+ , TB

− , TC
+ , T ]

]

,

(4.3)

where the trace is over 2N × 2N matrices and

DµΦ ≡ ∂µΦ−AµAB [TA
+ , TB

− ,Φ, T ] . (4.4)

In terms of the components it is

(DµΦ)T = ∂µΦT (4.5a)

(DµΦ)+D = ∂µΦ+
D − fABC

DAµAB Φ+
C (4.5b)

(DµΦ)−D = ∂µΦ−
D + fABC

DAµBA Φ−
C , (4.5c)
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where in (4.5c) we have used the properties of fABCD (3.14).

With the above definition it is seen that if Φ = Φ†, then DµΦ = (DµΦ)†. Moreover,

A∗
µAB = −AµBA , (4.6)

where ∗ is the complex conjugation. In terms of the gauge field Aµ (4.2), i.e. A†
µ = −Aµ.

As in [3] it is useful to define a new gauge field

ÃµCD = fABCDAµAB . (4.7)

In terms of Ãµ the covariant derivatives take the form

(DµΦ)+A = ∂µΦ+
A − ÃµBA Φ+

B , (DµΦ)−A = ∂µΦ−
A + ÃµAB Φ−

B . (4.8)

It is worth noting that the Ãµ gauge field, similarly to AµAB , has only [TA
+ , TB

− ] components.

Gauge transformations.

δgaugeΦT = 0 (4.9a)

δgaugeΦ
+
A = Λ̃BAΦ+

B , δgaugeΦ
−
A = −Λ̃ABΦ−

B , (4.9b)

δgaugeÃµAB = ∂µΛ̃AB +
(

ÃµACΛ̃CB − Λ̃ACÃµCB

)

. (4.9c)

Note that like the Ãµ, Λ̃ has only components along [TA
+ , TB

− ].

From the above it is readily seen that

δgauge(DµΦ)+A = Λ̃BA(DµΦ)+B , δgauge(DµΦ)−A = −Λ̃AB(DµΦ)−B . (4.10)

The action (4.3) is invariant under the above gauge transformations provided that

δgauge ([Φ1,Φ2,Φ3, T ]) = [δgaugeΦ1,Φ2,Φ3, T ] + [Φ1, δgaugeΦ2,Φ3, T ]+[Φ1,Φ2, δgaugeΦ3, T ].

(4.11)

This identity holds as a result of the extended fundamental identity (3.16), once we recall

that the gauge transformations parameter Λ has one plus type and one minus type TA

generators. As a result of the extended fundamental identity one can also show that

Dµ ([Φ1,Φ2,Φ3, T ]) = [DµΦ1,Φ2,Φ3, T ] + [Φ1,DµΦ2,Φ3, T ] + [Φ1,Φ2,DµΦ3, T ]. (4.12)

Eqs.(4.11) and (4.12) are nothing but the statement of closure of the gauge symmetry

algebra of the action (4.3).

So far we have presented a theory which enjoys the gauge symmetry (4.9) as well as

global SO(8) and 3d Poincaré invariance. The propagating bosonic degrees of freedom of

this theory are XI
T , (XI)+A, (XI)−A. XI

T are eight real free scalars which decouple from the

rest of the theory. The XI
T piece, together with its fermionic counterpart ΨT form a trivial

N = 8 superconformal theory (with the explicit supersymmetry transformation given in

the next subsection). Hereafter, we will hence ignore the ΦT piece by simply setting them

to zero. (XI)+A =
(

(XI)−A)
)∗

which are elements of N × N matrices for the u(N)-based

algebra, parameterize 8N2 complex (or 8 · 2N2 real) scalars. However, the N = 8 theory

is expected to have real valued scalars. As we will see the closure of the supersymmetry

and parity invariance of the physical Fock space of the theory should be used to reduce

this extra degrees of freedom.

– 11 –



J
H
E
P
1
2
(
2
0
0
8
)
1
1
1

4.2 Parity invariance

The 3d, N = 8 theory is expected to be invariant under the 3d parity transformations

x0, x1 → x0, x1 and x2 → −x2. The parity invariance of the (twisted) Chern-Simons term

implies that under parity

Ã0AB , Ã1AB −→ −Ã0BA,−Ã1BA, Ã2AB −→ +Ã2BA . (4.13)

Recalling (4.6), that is

ÃµAB
parity←−−→ (Ãp

µAB)∗ , (4.14)

where by Ap
µAB we mean a vector with components A0AB , A1AB , −A2AB .

The parity invariance of the kinetic terms, as well as the interaction terms imply that

under parity one should exchange the plus and minus components, for the scalar fields

that is,

(XI)+A
parity←−−→ (XI)−A , (4.15)

and for 3d fermions

Ψ+
A

parity←−−→ γ2Ψ−
A . (4.16)

parity TA
+ ←→ TA

− , T → −T . It is useful to introduce action of the parity on the XI , Ψ

and Aµ fields:

(XI)parity = (XI)−A TA
+ + (XI)+A TA

−

(Ψ)parity = γ2Ψ−
A TA

+ + γ2Ψ+
A TA

−

(Aµ)parity =
1

2
Ap

µAB [TA
− , TB

+ ] .

(4.17)

(Note that, as discussed earlier, we have set the XT and ΨT components to zero.) Using

the above and (3.14) one can show that

([Φ1,Φ2,Φ3, T ])parity = −[(Φ1)parity, (Φ2)parity, (Φ3)parity, T ] , (4.18)

where Φi are either XI or Ψ. With these and noting that Ψ̄Ψ is a pseudoscalar [33] one

can show that the action (4.3) is invariant under parity. Although the action (4.3) is parity

invariant, the physical fields XI in general are not.

We point out that if under parity the gauge parameter Λ̃AB transforms as Λ̃AB →
−Λ̃BA, the gauge transformations (4.9) are compatible with the parity. As discussed,

among the gauge field components ÃµAB , the antisymmetric part

Ãµ[AB] =
1

2
(ÃµAB − ÃµBA) (4.19)

transforms as a vector, and the symmetric part

Ãµ{AB} =
1

2
(ÃµAB + ÃµBA) , (4.20)

transforms as a pseudovector.
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It is worth noting that, as can be seen from (4.1) and (4.2), the action (4.3) is invariant

under another global U(1) symmetry, the U(1)λ symmetry: TA
± −→ e∓iλTA

∓ , while keeping

Φ (4.1) and Aµ (4.2) invariant, explicitly that is,

Φ±
A −→ e±iλΦ±

A , ΦT → ΦT , AµAB → AµAB . (4.21)

The parity changes the sign of the charge under the U(1)λ symmetry. We will comment

on U(1)λ further in sections 5 and 6. We also note that σ±, σ3 form an su(2) algebra and

the U(1)λ and parity are forming an O(2) automorphism of this su(2) algebra.

4.3 Supersymmetry transformations and their closure

After discussing the gauge and parity invariance of our theory, we now discuss its super-

symmetry. Since the action (4.3) is essentially the Bagger-Lambert action [3], and recalling

that our four-brackets are totally antisymmetric with the trace property (2.5), we propose

the following fermionic (or supersymmetry) transformations

δXI = iǭΓIΨ (4.22a)

δΨ = DµXIΓIγµǫ− 1

6
[XI ,XJ ,XK , T ]ΓIJKǫ (4.22b)

δÃµAB = ifABCD ǭγµΓI
(

(XI)+CΨ−
D − (XI)−DΨ+

C

)

. (4.22c)

The fermionic transformation parameter ǫ is a 3d anti-Majorana fermion

γ012ǫ = −ǫ , (4.23)

and is in 8c of SO(8) (in contrast with Ψ which is in 8s).

As first step we check if the above transformations keep the action (4.3) invariant. The

variation of the action under the above transformations is

δS =

∫

d3x Tr
(

E.o.MXI δXI + E.o.MΨ δΨ
)

+ E.o.MAµAB
δAµAB + ∂µJµ ,

Jµ = Tr
(

−DµXIδXI + iΨ̄γµδΨ + ǫµναAνδÃα

)

,

(4.24)

where the first three terms vanish on the solutions of equations of motion and Jµ after

some algebraic manipulations takes the form

Jµ = iǭ

(

−γµνÃνCDΓK
(

(XK)+CΨ−
D − (XK)−DΨ+

C

)

− 1

6
γµTr([XI ,XJ ,XK , T ]Ψ)ΓIJK

)

.

(4.25)

For the invariance of the action ∂µJµ must vanish for any arbitrary ǫ. This can, how-

ever, happen in a specific gauge. It is straightforward to check that if fABCD were totally

antisymmetric then in the gauge 2γνÃνAD = 3fABCDΓIJ(XI)−B(XJ)+C , ∂µJµ would van-

ish when sandwiched between any two ǫ-type (i.e 3d anti-Majorana and in 8c of SO(8))

fermions. For our case, however, fABCD is not totally anti-symmetric and in the above
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gauge ∂µJµ does not vanish.5 As will become clear momentarily we choose to work in the

gauge where

γνÃνAB = +fACDBΓIJ(XI)−C(XJ )+D, (4.26)

when sandwiched between any two ǫ-type fermions. In this gauge we have

δS =

∫

∂µ

(

iǭγµ
(

ΓI(XI)−AΨ−
Bχ+

AB − ΓI(XI)+AΨ+
Bχ−

AB

)

)

(4.27)

where

χ+
AB ≡ fACBD ΓJK (XJ )+C (XK)+D , χ−

AB ≡ fACBD ΓJK (XJ)−C (XK)−D . (4.28)

Invariance of the action then demands that χ± = 0. As we will see closure of the fermionic

transformations onto the 3d super-Poincaré algebra again demands vanishing of χ±, the

condition which will be satisfied for a specific subset of fermionic transformations once the

degrees of freedom are also restricted to certain subsector of SO(8) states.

4.3.1 Closure of supersymmetry algebra

As a parallel but equivalent analysis, we also study the closure of two successive fermionic

transformations on the fields in our action. The closure of the (on-shell) N = 8 (that is, 16

on-shell supersymmetries) demands that two successive supersymmetry transformations of

XI , Ψ and the gauge field AµAB , up to gauge transformation and upon using the equations

of motion, on the physical Fock space of the theory must close onto the 3d Poincaré [3].

Our supersymmetry transformations are formally the same as those introduced in [3]

and [20], once they are represented in terms of three-brackets, two successive supersym-

metry transformations lead to the same results as in [3, 20] and most of the analysis are

the same as those appeared in [3, 20]. Therefore we do not present the details of the

computations and only stress the points of difference. Three closure conditions should be

verified:6

• Closing the supersymmetry on the scalars we find [3]

[δ1, δ2]X
I = vµDµXI − VJK [XI ,XJ ,XK , T ] , (4.29)

where

vµ = −2iǭ2γ
µǫ1, VJK = −iǭ2ΓJKǫ1 . (4.30)

Let us now consider the TA
+ and TA

− components. We note that the TA
+ component

of VJK [XI ,XJ ,XK , T ] involves both (XI)+B and (XI)−B components, while the TA
+

component of DµXI is only involving (XI)A+ (cf. (4.5)).7 Explicitly,

[δ1, δ2](X
I)+D = vµ∂µ(XI)+D +

(

Λ̃AD − vµÃµAD

)

(XI)+A − iǭ2χ
+
ADǫ1 (XI)−A

[δ1, δ2](X
I)−D = vµ∂µ(XI)−D −

(

Λ̃DA − vµÃµDA

)

(XI)−A + iǭ2χ
−
ADǫ1 (XI)+A,

(4.31)

5The point that with fABCD which is not totally antisymmetric we cannot keep 16 supersymmetries

were mentioned in [20] and further emphasized to us by N. Lambert.
6We would like to thank Neil Lambert for his fruitful and critical comments on the closure of supersym-

metry in our model.
7Although very similar our case, the extra term proportional to (XI)± in the variation of (XI)∓ do not

happen in the analysis of [20] because, unlike ours, their bracket is not totally anti-symmetric.
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where

Λ̃AD ≡ 2fABCD VJK (XJ )−B(XK)+C , (4.32)

and χ± are defined in (4.28).

Due to the presence of the χ terms, it is not possible to close [δ1, δ2](X
I)+A onto

translations (up to gauge transformations). A similar result is also true for the TA
−

components.

Working in the gauge demanded by the invariance of the action (cf. discussions of

the opening of section 4.3),

vµÃµAD = Λ̃AD, (4.33)

and we remain with

[δ1, δ2](X
I)+D = vµ∂µ(XI)+D + χ+

AD (XI)−A

[δ1, δ2](X
I)−D = vµ∂µ(XI)−D − χ−

AD (XI)+A.
(4.34)

That is, the supersymmetry will close only if χ±
AD are vanishing (on the “physical

Fock space of the theory”). Recalling that, with the complex valued (XI)±A we have

introduced twice as much fields, there is the possibility of closing the supersymmetry

on the physical Fock space which only involves a specific half of the degrees of freedom.

As we show there is indeed such a possibility.

• Closure of supersymmetry on fermions, after using the equation of motion of fermions,

leads to [3]

[δ1, δ2]Ψ = vµDµΨ− VJK [Ψ,XJ ,XK , T ] . (4.35)

The same analysis presented for XI ’s also holds for fermions and in (4.33) gauge

the above reduces to (4.34) with (XI)±A replaced with Ψ±
A. Therefore, closure of

supersymmetry for fermions demands a similar condition as the scalars, the point to

be discussed momentarily.

• The closure of supersymmetry for the gauge fields is more involved. Performing the

analysis, we find that in [δ1, δ2]ÃµAB there is a term proportional to (see eq. (35)

of [3])

− i

3

(

ǭ2γµΓIJKLǫ1

)

Tr(XI [[XJ ,XK ,XL, T ], TA
+ , TB

− , T ]) . (4.36)

This term vanishes for any two arbitrary 3d fermions ǫ1, ǫ2 and any choice of A,B

indices, once we recall the extended fundamental identity (3.16), (2.5) and the totally

antisymmetry of ΓIJKL. Following the computations of [3] and using the equation of

motion of the gauge field we obtain

[δ1, δ2]ÃµAB = vνF̃µνAB −DµΛ̃AB , (4.37)

where

F̃µνAB = ∂µÃνAB − ∂νÃµAB + ÃµACÃνCB − ÃνACÃµCB .

In the gauge (4.33), we see that [δ1, δ2]Ãµ, closes on translations without any extra

χ±-type terms.
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4.3.2 Projection onto the supersymmetric Hilbert space

Although the supersymmetry transformations are compatible with parity (see appendix

C), XI are not parity invariant and hence the Fock space constructed from operators built

upon XI is not parity invariant. One may hope that the above supersymmetry non-closure

will be resolved on the “parity invariant” sector of the Fock space. As can be seen from

the closure analysis of previous subsections the supersymmetry closure implies χ±
AB = 0,

which obviously cannot be realized while keeping the SO(8) invariance of the Fock space.

We are hence forced to compromise the SO(8) covariance of the states.8

The χ±
AB = 0 condition can, however, be met on a smaller set of states and fermionic

(supersymmetry) transformations. It turns out that the largest sector in the Hilbert space

of the theory for which χ±
AB vanishes is the part which is invariant under SO(6)×U(1) ≃

SU(4) × U(1) ∈ SO(8). To see this we should perform a specific “projection” onto this

SU(4) × U(1) invariant sector. Let us start with the (XI)±. Instead of a generic function

(operator made) of eight complex valued (XI)± we project onto the functions (states) made

out of four complex scalars

Zα = Xα
+ + iXα+4

+ , Z̄α = (Zα)∗ = Xα
− − iXα+4

− , α = 1, 2, 3, 4 . (4.38)

It is evident that Zα and Z̄α transform as 4 and 4̄ of SU(4) and under the U(1) Zα → eiξZα.

To distinguish this U(1) symmetry from the one introduced in (4.21) we denote it by U(1)ξ .

That is, e.g. Zα is in 4+1 and Z̄α in 4̄−1 of SU(4)×U(1)ξ .

As discussed in the end of section 4.2 our (XI)± fields are also charged under the

global U(1)λ. It is evident that Zα carry charge +1 and Z̄α charge −1 of the U(1)λ; that

is, Zα is in (+1,+1) and Z̄α in (−1,−1) representation of U(1)λ × U(1)ξ . We comment

that

(Zα)parity = Xα
− + iXα+4

− 6= Z̄α

and as such under parity the SU(4) and U(1)ξ representation remains intact while the

U(1)λ charge changes sign. (Zα)parity and (Z̄α)parity are hence respectively in (−1,+1) and

(+1,−1) representation of U(1)λ × U(1)ξ . Restricting to the combination of XI ’s which

are made out of Zα and Z̄α then means that we project onto states made out of linear

combination of (XI)± fields for which the product of their U(1)λ × U(1)ξ is positive. In

this way half of the degrees of freedom of XI ’s are projected out. We perform a similar

decomposition for the complex valued fermionic fields Ψ± which are in 8s of SO(8) and

decompose them into 4+1 + 4̄−1 of SU(4)×U(1)ξ fermions and work with the states made

out of linear combinations of Ψ’s the product of their U(1)λ ×U(1)ξ charges is +1.

The supersymmetry variation parameters ǫ do not carry ± indices (they are neutral

under U(1)λ) and are in 8c of SO(8), as well as being a 3d anti-Majorana fermion. The

8c decomposes to 60 + 1−2 + 1+2 of SU(4) × U(1)ξ . If together with working with the

configurations (states) which are made out of Zα and its fermionic counterpart, we restrict

ourselves to the supersymmetry transformations generated by ǫ which are in 60, χ-terms

8To render the action invariant, there is one other option: To restrict the theory to specific (BPS)

configurations over which ∂µJµ vanishes. These specific configurations should, however, form a closed

sector in the Hilbert space. We will briefly explore this possibility in section 6.
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vanish. To see this let us consider χ+
AB . Vanishing of ǭ2χ

+
ABǫ1 may be seen recalling the

form of χ±
AB (4.28) and noting that the VJK part is in (6× 6)A.S. = 15 while the XJXK

piece is in (4+1 × 4+1)A.S. = 6+2. Since 15 × 6 does not give a singlet of SU(4), ǭ2χ
+ǫ1

vanishes. Similarly one can argue that χ− vanishes. In this way out of 16 independent

fermionic transformations only 12 of them close onto the supersymmetry algebra.

To summarize, restricting the fields to Zα and their fermionic counterpart the super-

symmetry transformations which are generated by ǫ’s in 60 of SU(4)×U(1)ξ close and our

gauge invariant action will describe a theory which has 3d, N = 6 supersymmetry.

Although for a generic configuration we are dealing with an N = 6 theory, there

are still large class of states (configurations) which exhibit more fermionic symmetries

than expected from the N = 6 theory. Let us consider states of the form OI1···Il =

Tr(XI1XI2 · · ·XIl) where the trace is over the 2N × 2N matrices.9 It is a straight-

forward computation to show that under two successive supersymmetry transformations

[δ1, δ2]OI1···Il
= vµ∂µOI1···Il

. One can repeat the same computation with operators in

which some of the XI ’s are replaced with SO(8) fermions Ψ. For these operators, too,

two successive supersymmetry transformations close onto the derivative of the operator.

For the operators which involve covariant derivative of XI or Ψ, e.g. Tr(XIDµXJ ), the

supersymmetry does not close onto translations; for these operators there remain some

terms stemming from the χ± terms in (4.34). We note that the set of OI1···Il
type opera-

tors include the chiral primaries. Therefore, although in general our theory enjoys N = 6

supersymmetry, there are large classes of gauge invariant BPS states which can preserve

more fermionic symmetries than the ones expected from an N = 6 theory. In section 6 we

will discuss examples of such BPS states.

We point out that if we rewrite the action implementing the restriction of the fields

to 4+1 and 4̄−1 our theory reduces to the representation of the ABJM model in terms of

(non-totally antisymmetric) three-algebras [20]. The structure constants of their model is

hence equal to our fABCD. In this construction the TA
± are not appearing explicitly and

one only deals with N ×N matrices.

Before closing this section we stress that as discussed in section 3 the N = 2 case is

special in the sense that the fabcd coefficients (3.15) vanish. As shown in the appendix B,

our u(2)-based extended three-algebra is a double copy of the so(4)-based Bagger-Lambert

three-algebra. One can use this observation to project out half of the excessive degrees of

freedom of the u(2) theory. Projecting onto the Φ+
a = Φ−

a , Φ+
0 = −Φ−

0 sector (where Φ is

XI or Ψ) and a = 1, 2, 3, our theory reduces to the Bagger-Lambert theory. This projection

explicitly keeps the SO(8) invariance as well as supersymmetry. (After this projection one

may explicitly check that for this case there is a gauge, the one worked out in [3], in which

the action becomes invariant under 16 supersymmetry transformations.) We emphasize

9Recalling that (σ+)2 = (σ−)2 = 0 and that σ± are traceless for odd l OI1···Il vanishes and for even l

O
I1···Il = TrN

“

(XI1
+ XI2

− XI3
+ XI4

− · · ·X
Il

− ) + (XI1
− XI2

+ XI3
− XI4

+ · · ·X
Il

+ )
”

,

where TrN is over N × N matrices. Gauge invariant operators which are constructed out of trace over

2N × 2N matrices are neutral under the U(1)λ. Moreover, OI1···Il
type operators are also parity invariant.
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that this is a different projection than the SU(4) × U(1) invariant one used to earlier. In

this sense our analysis shows how the Bagger-Lambert and ABJM theories for N = 2 are

different.

5. The su(N) × su(N) Chern-Simons representation

As argued the closure of the extended three-algebra, with the working assumption that tA

are generators of a (semi)-simple Lie algebra, fixes the Lie-algebra to be u(N) in its N ×N

representation. Here we rewrite the theory using the explicit representation of fABCD in

terms of su(N) f and d tensors and remove the four-brackets. Let us start with the gauge

fields AµAB and ÃµAB . Using (3.15), (4.7) can be written as

Ãµcd = fcdeAµe + idcdeBµe,

Ãµa0 = Ãµ0a =
2i√
2N

Bµa,

Ãµ00 = 0 ,
∑

a

Ãµaa =
∑

A

ÃµAA = 0

(5.1)

where

Aµe ≡ −
i

12

(

dabeAµab +
2√
2N

(Aµ0e + Aµe0)

)

,

Bµe ≡ −
1

12
fabeAµab,

(5.2)

are two real su(N) valued gauge fields. The reality of Aµa and Bµa gauge fields is a result

of (4.6).

The covariant derivative of the matter fields Φ in terms of these su(N) gauge fields

take the form

(DµΦ)+d = ∂µΦ+
d − (fcdeAµe + idcdeBµe) Φ+

c −
2i√
2N

BµdΦ
+
0 ,

(DµΦ)+0 = ∂µΦ+
0 −

2i√
2N

BµcΦ
+
c .

(5.3)

Note that (DµΦ)−A =
(

(DµΦ)+A
)∗

.

Recalling the behavior of the gauge field under parity (4.13), we learn that under parity

Aµa behaves as a vector while Bµa transforms as a pseudovector. Rewriting the twisted

Chern-Simons part of the action in terms of A and B gauge fields we find

LChern−Simons =
1

2
ǫµνα [−12Bµa∂νAαa + 2fabc(BµaBνbBαc + 3BµaAνbAαc)] . (5.4)

With a vector Aµa and pseudovector Bµa it is clear that the above action is parity invariant.

Upon the field redefinition

Rµa = Aµa −Bµa,

Lµa = Aµa + Bµa , (5.5)

LChern−Simons = LChern−Simons R − LChern−Simons L , (5.6)
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where

LChern−Simons R =
3

2
ǫµνα

[

Rµa∂νRαa −
1

3
fabcRµaRνbRαc

]

, (5.7)

and similarly for LChern−Simons L. Therefore, the Chern-Simons part of the action (4.3) is

nothing but the standard su(N) × su(N) Chern-Simons action. The level of the Chern-

Simons of the two su(N) Chern-Simons factors are equal but with the opposite sign and

the parity exchanges the two su(N) factors. Under the U(1)λ, AµAB remains invariant

(cf. (4.21)) and as a result the su(N) gauge fields Rα and Lα also remain invariant.

In usual conventions for the Chern-Simons theories, we have obtained a Chern-Simons

theory at level 12π. There is the possibility of getting the Chern-Simons theory in an

arbitrary level k ∈ Z. In order this we may keep the form of the action we start from (4.3),

and similar to [26], replace the structure constants fABCD by fABCD/12πk (this scaling

does not change the fundamental identity and closure conditions). This may be achieved

by changing the normalization of the u(N) generators tA to tA/
√

12πk.

Starting from (4.9c), after appropriate decomposition of the gauge transformation

parameter Λ̃AB and using the su(N) identities listed in the appendix A, one can work out

the behavior of the Rµ and Lµ gauge fields under gauge transformation

δgaugeRµa = ∂µρa − fabcRµbρc,

δgaugeLµa = ∂µλa − fabcLµbλc,
(5.8)

which as expected are two su(N) gauge transformations.

Now let us study behavior of the matter fields under the above su(N)×su(N) factors.

From (4.9b) and after straightforward, but lengthy algebra using su(N) identities listed in

the appendix A, we find that

δgaugeΦ
+ = i[χ1,Φ+] + i{χ2,Φ+}

δgaugeΦ
− = i[χ1,Φ−]− i{χ2,Φ−} ,

(5.9)

where Φ± includes both the su(N) and u(1) components, respectively Φ±
a and Φ±

0 , of the

fields and

χ1
a =

1

2
(ρa − λa) , χ2

a =
1

2
(ρa + λa) . (5.10)

Note that χi, like λ and ρ, are su(N) (and not u(N)) valued. From (5.9) one can read the

form of the finite gauge transformations of Φ±:

Φ+ −→ Φ̃+ = eiλ Φ+ e−iρ , Φ− −→ Φ̃− = eiρ Φ− e−iλ . (5.11)

That is, Φ± are in the bi-fundamental representation of su(N)×su(N). As discussed under

the (global) U(1)λ Φ± carry charge ±1.

For completeness we also present the explicit form of the fermionic (supersymmetry)

transformations in terms of the Chern-Simons fields. The scalars and fermions have basi-

cally the same form as given in (4.22a,b) and for the gauge fields (4.22c) becomes

δsusyAµ =
1

12
ǭγµΓI

(

{(XI)+,Ψ−} − {(XI )−,Ψ+}
)

δsusyBµ = − i

12
ǭγµΓI

(

[(XI)+,Ψ−] + [(XI)−,Ψ+]
)

.

(5.12)
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It should be noted that the above will become supersymmetry transformations once the

projection to SU(4) ×U(1) sector is performed.

So far we have presented our model in terms of an su(N)×su(N) Chern-Simons theory

with explicit SO(8) × U(1)λ symmetry. As argued in previous section out of the 16 inde-

pendent fermionic variations introduced in (4.22) only 12 of them can lead to symmetries

of the action. The supersymmetry closes only on a SU(4)×U(1)ξ ×U(1)λ invariant sector

of the physical Fock space of the theory. Once the theory is rewritten in terms of the fields

over which the supersymmetry closes our theory becomes the 3d, N = 6 su(N) × su(N)

Chern-Simons theory. Our theory is hence closely related to the ABJM model.10

The model ABJM proposed to describe the low energy dynamics of N M2-branes (on

C4/Zk orbifold) is, however, a u(N) × u(N) theory (rather than su(N) × su(N)). This

model is related to our model upon gauging two extra global U(1)’s. One of them is

the U(1)λ and the other is the “center of mass” U(1), U(1)cm. Recalling that Φ± fileds

are in the bi-fundamental of su(N) × su(N) (5.11), one may simply gauge the U(1)cm
symmetry without the need to add any additional interactions for Φ’s, once we identify

the U(1)cm with the diagonal part of the u(1)’s in u(N) × u(N). Gauging U(1)cm, then

only amounts to adding the corresponding U(1) Chern-Simons term. As discussed in

section 4.3.2 the U(1)λ charge changes sign under parity while the U(1)cm charge remains

invariant. This is compatible with identifying U(1)cm with the diagonal U(1) and U(1)λ
is the anti-symmetric combinations of the two U(1)’s in U(N) × U(N).11 In the theory

in which U(1)cm is gauged, even after fixing the gauge, we remain with a Zk part of the

U(1) and hence the Zα are defined up to Zk rotations. Therefore, this theory describes

M2-branes on C4/Zk orbifold. As discussed in [19], just gauging the two extra U(1)’s does

not bring our su(N) × su(N) theory to the ABJM model and one should consider two

points: U(N) ≃ (SU(N)×U(1))/ZN and that in the SU(N)×U(1) theory, despite the fact

that in general the Chern-Simons levels for the U(1) and SU(N) parts could be different,

in the U(N) theory they are taken to be equal.

After relating our theory to the ABJM model, their arguments for the physical states

also apply to ours. Physical states of our theory can be those which are invariant un-

der U(1)λ. In the language of our three-algebra representation, these states could be

constructed by taking trace over 2N × 2N matrices, like the OI1I2···Il operators of last sec-

tion.12 As discussed in [19], there are also states which carry k units of the U(1)λ charge,

10We should, however, note that as discussed earlier the Zα and Z̄α are not related by worldvolume

parity; they are related by a product of parity and U(1)ξ charge conjugation. In this sense the ABJM

theory, even for N = 2 is different than the Bagger-Lambert theory.
11As argued in [19] the 3d Chern-Simons U(1) gauge theory has the peculiar feature that its equation

of motion is ∗F = J (J is the U(1) currents) and hence we have a global symmetry generated by the

conserved current J =∗ F . The U(1)b symmetry in the ABJM model, which is a part of the R-symmetry

of the M2-brane theory, is the global U(1) generated by the diagonal U(1) part of the U(N) ×U(N) gauge

symmetry (the U(1)ξ in our notation) through Jd =∗ Fd. We thank Ofer Aharony for clarifying comment

on this point.
12It is instructive to note that the bi-fundamental nature of the ABJM fields Zα, dictating that the gauge

invariant combinations should involve ZαZ̄β or Z̄αZβ which fall into adjoint representations of either of the

U(N) factors, is naturally encoded in our 2N × 2N matrices. This is because of (3.6) which implies that

XIXJ = (XI)+(XJ )− + (XJ )−(XI)+.
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those which have particular Wilson lines attached.

We note that after gauging the two U(1)’s the theory cannot be expressed in terms of

the (extended) three-algebra anymore.

6. Relation to the theory of M2-branes

The 3d, N = 8 (or its N = 6 version) SCFT should arise as the low energy effective

field theory limit of coincident multi M2-branes on flat space (or its orbifold). Here we

argue that the action (4.3) for our u(N)-based extended three-algebra and after restricting

(“projecting”) to SU(4) invariant sector of the Hilbert space, describes theory of N M2-

branes. In addition we bring arguments clarifying the need for the projection.

6.1 Pair-wise M2-brane picture

It is well known and understood that when N D-branes of string theories sit on top of each

other we see the structure of a u(N) gauge theory [25]. For the special case of D3-branes

this theory (in the low energy limit) is the u(N) 4d SCFT. The enhancement of the gauge

symmetry to u(N) in the D-brane case is facilitated by the (perturbative) description of D-

branes in terms of open strings ending on or stretched between D-branes. In the coincident

limit the lowest modes of these open strings become massless and hence cause the gauge

symmetry enhancement (inverse of Higgs mechanism). The above picture for D-branes and

open strings stretched between them is valid for any pair of D-branes in a system of N

D-branes [25].

The above “pair-wise” picture does not readily generalize to the M2-branes, as here

we do not have the open strings picture. Nonetheless, we have open membranes stretched

between two M2-branes. To see how these open membranes come about, let us start with

two parallel D-branes in 10d IIA string theory. As shown in figure 1A there are (virtual)

open string anti-string pairs stretched between the D2-branes. These open strings are

oriented and the difference between the open string and anti-open string is the orientation;

they are related by the worldsheet parity. When uplifted to M-theory the D2-branes

become M2-branes while the stretched open strings become open membranes and anti-

open membranes (see figure 1B).

Had we directly started in the 11d M-theory, as membrane worldvolume have two

spatial directions, unlike the string case and as depicted in figure 2, there are two distinct

options for open membrane anti-open membrane pair. These two pairs are related by the

worldvolume parity. On the other hand, from the M2-brane viewpoint not all the four

possibilities in the figure 2 are independent, explicitly, A and D open membranes and B

and C open membranes cannot be distinguished by their M2-brane charge.

In the same spirit as D-branes, for the case of N M2-branes, we expect that we should

be dealing with 2N×2N matrices. In our realization the 2×2 σ± part of the TA
± generators

basically account for this “doubling” of the degrees of freedom corresponding to the open

membrane pairs (compared to the open string case). However, as discussed not all the

degrees of freedom of these stretched membranes are physically independent and moreover,

not all of them can appear in the supersymmetric Fock space of the M2-brane theory; we
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Figure 1: The figure on the left shows the open string anti-open string pair stretched between two

parallel D2-branes along 012 directions while separated in x3. The figure on the right shows the same

system after uplifting to M-theory, where the open string pair now appear as open membrane anti-

open membrane pair. Note that the open membranes wrap the 11th circle in the same orientation.

need to mod out half of them. Restricting to the sector over which the supersymmetry

transformations close (onto the 3d, N = 6) these extra degrees of freedom are removed.

This sector is identified with part of the Fock space, the physical Fock space, which is made

out of functions of combinations of X’s and Ψ’s which the U(1)λ and U(1)ξ have the same

sign. In addition, this picture also sheds light on the su(N)× su(N) structure.

Starting from this M2-brane picture, compactifying down to 10d IIA theory, however,

only one of the two open membrane pairs survive the supersymmetry requirement. Super-

symmetry demands that open membrane pairs should have the same orientation on the

11th circle (in Fig 2, i.e. A and B or C and D pair). Therefore, at the IIA and D2-brane

level we only see a single su(N) factor.13

6.2 Analysis of BPS states

In the previous subsection, based on the stretched open membrane picture, we argued that

we expect an su(N)× su(N) Chern-Simons theory (of course plus the gauging of the two

extra u(1)’s) to describe N M2-branes (on an orbifold). To substantiate this result we

analyze the BPS states of our theory.

Recall that not all the generic configurations of our XI and Ψ fields close the super-

symmetry “algebra” resulting from the fermionic transformations (4.22). As discussed all

the (bosonic) configurations which are formed out of Zα fall into representations of N = 6

algebra. However, there could be some states preserving more supersymmetry than ex-

pected from the N = 6 theory. In order not to lose the extra supersymmetry of these

states, we perform the BPS analysis as follows. First we find solutions to δsusyΥ = 0, with

13We should stress that, since we do not have the spectrum of open membranes, unlike the case of strings,

our open membrane picture should be only taken as a helpful and suggestive pictorial way of presenting

the su(N) × su(N) structure.

– 22 –



J
H
E
P
1
2
(
2
0
0
8
)
1
1
1

A

B

C

D

Figure 2: There are two options for open membrane anti-open membrane pairs stretched between

two M2-branes. If we assume the M2-branes to be along 012 directions, these open membranes

are along say 034 (x3 is the direction the M2-branes are separated and x4 is along the circular

part of the open membranes). The open membrane pair A and B are mapped to C and D under

worldvolume parity. Note that the circular direction on the open membranes is just for illustrative

purposes and in terms of our matrices this part is associated with the σ± parts. In terms of what

we have in the figure, i.e. A and D are associated with T A
+ and B and C membranes with T A

− .

Note that as far as the M2-brane charge is concerned the A and D and, B and C open membranes

are indistinguishable and hence we need to mod out the “excess of degrees of freedom” we have

introduced in our setting.

Υ being either of XI ,Ψ, or AµAB fields and ignoring the fact that not all the configurations

which satisfy δΥ = 0 are necessarily falling into the representations of N = 8 or N = 6

superPoincaré algebra. As the second step we check whether these particular (BPS) con-

figurations/states indeed satisfy the closure of supersymmetry algebra. In order this we

check if [δ1, δ2], with δ given in (4.22), on the specific configuration in question is equal to

vµ∂µ on that configuration.

6.2.1 Half-BPS states

As the candidate for N M2-branes on the 11d flat space (or its orbifold) the moduli space

of 1/2 BPS configurations of our model must be R8N/SN (or (C4/Zk)
N/SN ). The half

BPS sector of our model is the one for which the right-hand-side of all supersymmetry

variations (4.22) vanishes for any arbitrary fermionic transformation parameter ǫ. Varia-

tions of the bosonic fields identically vanish for a pure bosonic configuration. Variation of

fermions vanish for arbitrary ǫ only when the two terms in δΨ vanish independently, i.e.

DµXI = 0 , (6.1a)

[XI ,XJ ,XK , T ] = 0. (6.1b)
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When (6.1a) holds and the fermionic fields are turned off, the equations of motion for

the two su(N) gauge fields imply that both the gauge fields have flat connection and hence

they can be set to zero in appropriate gauge. In this gauge, (6.1a) implies ∂µXI = 0. (6.1b)

is satisfied if and only if

[(XI)+, (XJ )−] = 0 , [(XI)+, (XJ )+] = 0 , (6.2)

where (XI)± are the N ×N matrices and may be defined through taking trace over 2× 2

parts of the 2N × 2N matrices, explicitly: (XI)± = Tr2×2

(

XI · (11N ⊗ σ∓)
)

. (6.2) is

satisfied for any diagonal N×N matrices (on the elements on the diagonal complex valued).

To find the moduli space of physical solutions, however, we still need to restrict ourselves to

the N = 6 supersymmetric sector. This is done by restricting to diagonal Zα matrices. This

removes half of the solutions, rendering the solutions to 8N real parameters. The analysis

then becomes identical to that of ABJM [19] with a minor difference on the number of

conserved supercharges: Recalling (4.29) and (6.1), it is readily seen that [δ1, δ2] over these

configurations vanish. Moreover, for these configurations and also the other states which fall

into the same N = 8 supermultiplet the variation of the action (4.24) vanishes. Therefore,

these configurations form a sector which is invariant under all the 16 “supersymmetry”

variations are 1/2 BPS in the sense of N = 8 .

6.2.2 1/4-BPS, Basu-Harvey configuration

There are much further options for less BPS cases. Here we consider the 1/4 BPS state

which corresponds to M2-brane along 056 ending on an M5-brane along 012345, the Basu-

Harvey configuration [27].14 Turning off the fermions, the BPS configurations are obtained

as solutions to δΨ = 0. Let us turn on XI , I = 1, 2, 3, 4, while setting XI , I = 5, 6, 7, 8,

to zero and denote non-zero X’s as Xi, i = 1, 2, 3, 4. The BPS equation takes the form

(

γµΓiDµXi +
1

6
Γijk[Xi,Xj ,Xk, T ]

)

ǫ = 0 . (6.3)

The above is basically the Basu-Harvey equation [27]. Here we just review its solutions.

Consider the configurations for which the gauge fields are vanishing and also take Xi to

only depend on one of worldvolume coordinates, say x2. The x dependence of the two

terms in (6.3) can be factored out if and only if15

Xi =
1

√

2 · |x2 − x0
2|

J i, (6.4)

where x0
2 is an integration constant and J i are some (x-independent) matrices which

should satisfy
(

γ2ΓiJ i − s

6
[J i, Jj , Jk, T ]Γijk

)

ǫ = 0 , (6.5)

14For the analysis of finding M5-M2 solutions in the ABJM model see [28]. Analysis of some other BPS

or time-dependent non-BPS configurations of the BLG or ABJM models may be found in [29].
15Note that in our conventions the scalar fields XI have mass dimension 1/2, while fermions Ψ and gauge

field AµAB have mass dimension 1.
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where s =
x2−x0

2

|x2−x0
2
|
is taking ±1 values. The Γi are four of the SO(8) Majorana-Weyl Dirac

matrices and hence can be viewed as SO(4) ∈ SO(8) Dirac matrices and therefore

Γijk = ǫijklΓ5Γl,

where Γ5 is the SO(4) chirality matrix. ǫ is a two component 3d fermion, while also in 8c

of SO(8) R-symmetry. As such,

γ2ǫ = s1ǫ ,

Γ5ǫ = s2ǫ ,
(6.6)

where s1 and s2 can (independently) be +1 or −1. Inserting the above into (6.5) and after

some simple algebra we arrive at

[J i, Jj , Jk, T ] = ss1s2ǫ
ijklJ l . (6.7)

The above has a solution in terms of 2N × 2N representation of SO(4), if we take J i to be

proportional to 2N ×2N SO(4) Dirac matrices and T to be proportional to 2N ×2N “Γ5”.

(For a detailed discussion on constructing solutions of (6.7) see [21].) Moreover, for s = +1

(i.e. for x2 > x0
2) we should take s1s2 = −1 and for s = −1 s1s2 = +1. Let us focus on the

s = +1 for which there are two types of solutions, s1 = +1, s2 = −1, or s1 = −1, s2 = +1,

each of which are invariant under transformations generated by four independent ǫ’s and

hence altogether our solution is invariant under eight fermionic transformations. (For the

s = −1, x2 < x0
2 case, there are again eight ǫ’s.)

We should now check if our configurations indeed satisfy the closure of the two succes-

sive supersymmetry transformations. To see this we note that, vµ∂µXI = −2iǭ2γ
2ǫ1∂2X

I .

On the other hand for our solutions ǫi are eigenstates of γ2 (cf. (6.6)) and therefore,

vµ|µ=2 = 0. For the same reason VJK (4.30) is zero and hence [δ1, δ2]X
I = vµ∂µXI = 0.

As a result our configuration is a 1/4 BPS configuration and preserves 8 supercharges.

It is instructive to also present the solution in terms of our earlier notation and (Xi)±

components: (Xi)± ∝ (1 ± T )J i, where T = J 5 and J i’s are 2N × 2N SO(4) Dirac γ-

matrices [21]. It is evident that ((Xi)+)† = (Xi)− and moreover for our solution Xi
+ = Xi

−.

In terms of the ABJM complex Zα fields our solution is Zα = Z̄α = Xi. Note also that

our solution is invariant under parity.

7. Discussion

In this work we have attempted generalizing the 3d, N = 8 BLG gauge theory by extending

the notion of three-algebras. As we argued invariance of the BLG action under gauge

symmetry requires a weaker condition than what is demanded by Bagger-Lambert (BL)

three-algebras. In particular, in this work we focused on a notion of extended fundamental

identity. Based on this notion we constructed an extended three-algebra, while giving

a representation of the BL three-brackets in terms of an explicitly totally antisymmetric

four-bracket and an explicit matrix representation for the algebra elements.
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We showed that the closure of our extended three-algebra, under the working assump-

tion that tA (3.2) are generators of a (semi-simple) Lie-algebra, fixes tA to be generators of

u(N) in its N ×N (fundamental) representation. We hence called this new three-algebra,

the u(N)-based extended three-algebra. As we showed (see appendix C) the N = 2 case

reproduces two copies of the BL so(4)-based three-algebra and in this sense our extended

algebras are a generalization of BL three-algebras to N > 2 (in the M2-brane picture N is

the number of M2-branes). It is interesting to explore whether one can relax this working

assumption and study other kinds of extended three-algebras which may arise in this way

and the BLG theory based on them.

We showed that the BLG theory for the u(N)-based extended three-algebra can be

rewritten in terms of a 3d su(N)×su(N) Chern-Simons theory with SO(8) global symmetry

and fields in the bi-fundamentals of the su(N) × su(N). Our theory, however, has twice

more than the expected physical degrees of freedom. The bi-fundamental fields appear as

a direct result of our choice of 2N × 2N matrices (cf. footnote 12).

This theory, although invariant under the 3d parity, involves propagating scalar fields

which are not parity invariant. To reduces the number of scalar degrees of freedom to

the desired one, half of the existing ones, and also to close the fermionic variations onto a

supersymmetry algebra, we projected the states onto the SU(4) × U(1) ∈ SO(8) sector of

the Hilbert space which is invariant under the parity times the U(1)ξ charge conjugation.

After this projection the theory becomes an N = 6 su(N)× su(N) Chern-Simons theory.

We discussed connection of our model with that of ABJM [19]. As discussed, for the special

N = 2 case there is another way of projecting out half of the extra degrees of freedom in an

SO(8) invariant manner and obtain the original Bagger-Lambert theory. It is interesting to

see if there are other ways of projecting the extra degrees of freedom by the other discrete

symmetries of our problem and obtain other 3d supersymmetric possibly SO(8) invariant

Chern-Simons theories.

Although the N = 6 Chern-Simons theory is very restrictive [30], there are other

possibilities (than su(N) × su(N)) for the gauge groups and matter content. Moreover,

motivated by the ABJM model, recently many supersymmetric Chern-Simons theories with

N ≤ 5 has been constructed (e.g. see [31] and references therein). As we showed, for the

N = 6 theories, the cases others than su(N)×su(N) theory does not have a representation

in terms of our extended three-algebras. In this viewpoint the ABJM type theory is special.

It is interesting to see whether within our extended algebras (presumably by relaxing the

working assumption mentioned above) or within the “generalized Bagger-Lambert three-

algebras” [20] these other cases also find a representation in terms of three-algebras. For a

recent work in this direction see [32].

We gave a very suggestive picture for realization of su(N) × su(N) gauge group, our

argument was a generalization or extension of the similar picture for D-branes. It is desir-

able to make our “pair-wise” picture more quantitative and see how the structure of the

extended three-algebra may come out of this picture.

To provide further evidence one may also construct other BPS configurations and

compare it against the result expected from a system of M2-branes. One may also compute

the supersymmetric (Witten) indices for our su(N) × su(N) theory. The computation
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should closely follow that of the ABJM theory [35]. However, in our case we should

also implement the “projection onto supersymmetric Hilbert space” in computation of the

partition function or supersymmetric indices. Providing these further pieces of evidence in

support of our proposed model is postponed to future works.
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A. Conventions and useful identities for su(N) algebras

In our conventions, generators of the u(N) algebra in its N ×N (fundamental) representa-

tion are denoted by tA, A = 0, 1, · · · , N2 − 1. Among tA’s, t0 is the generator of u(1) and

ta, a = 1, 2, · · · , N2 − 1, are generators of su(N). In our normalization

Tr(tAtB) =
1

2
δAB , (A.1)

and therefore

t0 =
1√
2N

11N . (A.2)

The product of two generators:

tatb =
i

2
fabc tc +

1

2
dabctc +

1

2N
δab11N ,

t0ta = tat0 =
1√
2N

ta,

t0t0 =
1

2N
11 ,

(A.3)

where fabc (which is totally anti-symmetric) is the structure constant of the su(N) algebra

and dabc is the totally symmetric traceless tensor of su(N). From the above it is seen that

∑

A

tAtA =
N

2
11N ,

and

[ta, tb] = ifabctc, {ta, tb} = dabctc +
1

N
δab11 .

Useful identities on the product of f ’s and d’s: here we list some identities which

have been used in computations performed in the main text. These identities are taken

from [36].

• Product of two f ’s or d’s:

facd fbcd = N δab ,

facd dbcd = 0 ,

dacd dbcd =
N2 − 4

N
δab .

(A.4)
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• The Jacobi identities

fadefbce + fbdefcae + fcdefabe = 0,

fadedbce + fbdedcae + fcdedabe = 0,

fabefcde =
2

N
(δacδbd − δadδbc)+(dacedbde − dadedbce) .

(A.5)

• Product of three f ’s or d’s

fadefbegfcgd =
N

2
fabc ,

dadefbegfcgd =
N

2
dabc ,

dadedbegfcgd = −
(

N2 − 4

2N

)

fabc ,

dadedbegdcgd = 3

(

N4 − 4

2N

)

dabc .

(A.6)

(For the last identity there is a typo in [36] which we have corrected.)

B. On the uniqueness of the u(N)-based extended three-algebras

Here we present line of arguments which show that with the working assumption that tA

are generators of semi-simple Lie-algebras, (3.11) can only hold for u(N) in its N × N

representation. Our argument is arranged in two steps:

I) For any finite dimensional matrix representation of simple Lie-algebra the generators

are traceless (because trace of a commutator is zero). On the other hand one can

always normalize the basis such that Tr(tAtB) = 1
2δAB , tA being generators of any

simple algebra. Trace of left-hand-side of (3.11) is not zero (it is just the structure

constant of the algebra fABC). Therefore, tA satisfying (3.11) cannot be generators of

any simple non-Abelian Lie-algebra or direct products of thereof. Moreover, to satisfy

(3.11) for a “semi-simple” Lie algebra generators it must contain Abelian factors.

II) One can show that in order (3.11) to hold, generically, the product of any two gen-

erators, and not only their commutators, should also be in the same algebra, i.e.

{tA, tB} = FABCtC , (B.1)

for some numeric coefficient expansions FABC . In the matrix representations, this

latter only holds only for any generic N × N matrices and within our working as-

sumption that is only u(N) (or direct products of u(N)’s).

To see how (3.11) leads to (B.1), let us assume that we are working with N ×N represen-

tation for tA’s and

{tA, tB} = FABCtC + GABαXα, (B.2)
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where Xα are the set of all N × N matrices which cannot be expressed as linear com-

bination of tA’s. In other words, Xα are “complementary” to tA in covering the N × N

matrices. Without loss of generality we may choose the Xα such that Tr(tAXα) = 0, and

let Tr(XαXβ) = gαβ . Next, multiply both sides of (3.11) by Xα and take the trace. The

right-hand-side vanishes while the left-hand-side does not; it vanishes only if GABα = 0

(for any A,B,α) or gαβ = 0 (for any α, β). The latter cannot happen because there is

a simple counter-example: if the tA are not generators of u(N), then there are elements

in the “complementary” set the trace of product of its generators are not zero. We then

remain with GABα = 0 choice which implies (B.1) and hence proving the statement.

C. so(4)-based Bagger-Lambert three-algebra as an extended three-

algebra

As mentioned, in our construction the u(N)-based extended three-algebra is a metric three-

algebra with a positive definite metric. This is readily seen from (3.7). (For the same reason

we do not expect the Lorentzian u(N) three-algebras to have a realization in terms of our

extended three-algebras. Nonetheless, as discussed in [15], they do admit a representation

in terms of matrices and four-brackets.) It is hence interesting to see if the so(4)-based

Bagger-Lambert (BL) three-algebra can be obtained as a special case of our u(N)-based

extended three-algebra.

The obvious candidate for realization of so(4)-based BL three-algebra is u(2)-based

extended three-algebra. For this case the TA
± generators are

TA
± =

1

2
σA ⊗ σ± , A = 0, 1, 2, 3. (C.1)

where σA = (112, σ
a), a = 1, 2, 3. The above are eight matrices and can be decomposed as

T a
± =

1

4
γa(1± γ5), a = 1, 2, 3 ,

T 0
± = ± 1

4i
γ4(1∓ γ5),

(C.2)

where T = 1 ⊗ σ3 = γ5. (T a
+ + T a

−) and i(T 0
+ − T 0

−) combination of the TA
± matrices,

are the so(4) Dirac γ-matrices. In other words, if we restrict ourselves to the sector of

the theory in which Φa
+ = Φa

− and Φ0
+ = −Φ0

−, the u(2)-based extended three-algebra

becomes the so(4)-based BL three-algebra written in another basis. There are, however,

some comments:

1) The su(2) algebra, among the su(N) algebras, is special in the sense that its to-

tally symmetric traceless three tensor dabc identically vanishes (which is compatible

with (A.4) and (A.6) identities). This brings about a great simplification in the

structure constants fABCD.

2) As we can see among eight TA
± one can construct γµ and γµγ5 (µ = 1, 2, 3, 4) and

one can restrict the elements of the algebra to have components along γµ or along
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γµγ5. In this sense our u(2)-based extended three-algebra contains two copies of

the so(4)-based Bagger-Lambert three-algebra. One can choose to work with one

half, say the one spanned by γµ’s, as they close onto a sub-three-algebra. In this

subalgebra, the structure constants take the form ǫµναβ . For the same reason in the

u(2) case in this specific sector our “extended fundamental identity” becomes the

standard fundamental identity.

D. Compatibility of supersymmetry and parity

Fermionic transformations (4.22) are compatible with parity if the following identities

are satisfied

(δsusyX
I)parity = δsusy(X

I
parity) , (D.1a)

(δsusyΨ)parity = δsusy(Ψparity) , (D.1b)

(δsusyÃµAB)parity = δsusy(ÃµAB)∗ , (D.1c)

where in the last equality we have used (4.14), XI
parity, Ψparity are defined in (4.17) and

note that under parity the supersymmetry parameter ǫp is transformed as16

ǫ −→ ǫp = −γ2ǫ . (D.2)

With this choice ǭ Ψ behaves as a scalar (rather than a pseudoscalar) and ǭγµΨ behaves

as a vector. Therefore, recalling (4.22a) and (4.17), (D.1a) becomes immediate.

To check (D.1b), we note that

γµ(DµXI)parity = −γ2γµDµ(XI
parity)γ

2 ,

and hence the first term in (δsusyΨ), goes to the first term in δsusy(Ψparity). Recalling (4.18)

one finds that the second term in δsusyΨ goes to δsusy(Ψparity). Putting these together

we have:

(δsusyΨ)parity = γ2

(

γµDµXI
parityΓ

Iǫ− 1

6
[XI

parity,X
J
parity,X

K
parity, T ]ΓIJKǫ

)

.

which is nothing but (D.1b).

To verify (D.1c) we note that

δsusyÃµCD = iǭγµΓI

(

(XI)+A Ψ−
B − (XI)−B Ψ+

A

)

fABCD , (D.3)

and hence

(δsusyÃµCD)parity = iǭγ2γµγ2ΓI

(

(XI)−A Ψ+
B − (XI)+B Ψ−

A

)

fABCD

= −iǭγ2γµγ2ΓI

(

(XI)+A Ψ−
B − (XI)−A Ψ+

B

)

fABDC

= δsusy(ÃµCD)parity ,

(D.4)

where in the second line of the above we have used (3.14) and in the third line (4.13). Note

also that γ2γµγ2 ≡ −γp
µ where γp

µ is equal to γ0, γ1 for µ = 0, 1 and to −γ2 for µ = 2.

16We would like to comment that the supersymmetry transformations of the Bagger-Lambert theory [3]

are compatible with parity in the sense of (D.1) with the same choice for ǫp.
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